INDUCED AND PRODUCED REPRESENTATIONS
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BY
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1. Introduction. D. G. Higman, in [6], introduced and studied the notions of
induced and produced modules of rings. These concepts are generalizations of the
classical construction of induced representations of finite groups. In the present
paper, we study these notions in the context of modules over Lie algebras (or equiva-
lently unitary modules over the universal enveloping algebras of these Lie algebras).

Induced representations of Lie algebras have come up previously in the work of
Harish-Chandra ([4, Theorem 4] and [5, Theorem 1]) and Dixmier ([2] and [2a]),
where they were used to study representations of semisimple (resp. nilpotent and
solvable) Lie algebras. A recent paper of N. R. Wallach [12] uses produced
representations to prove the Borel-Weil theorem. Our interest in the subject is
two-fold: to attempt to prove analogues of theorems on induced group representa-
tions, and to clarify certain concepts arising from the work of Guillemin and
Sternberg on abstract transitive Lie algebras ([3] and [11]).

§2 is devoted to elementary properties of induced and produced modules. We
also show how produced Lie algebra modules and induced Lie group modules are
related to each other. In §3 we introduce our main tool, a product structure between
members of produced Lie algebra modules. This structure arises from the hyper-
algebra structure possessed by universal enveloping algebras (see [10]) and reflects
the natural product structure between members of induced Lie group modules.
Using our product structure we prove in §4 a generalization of the Realization
Theorem of Guillemin and Sternberg. The remaining two sections are devoted to
proving Lie algebra analogues of theorems of G. W. Mackey ([7] and [8]) concerning
systems of imprimitivity and concerning irreducibility criteria for induced repre-
sentations of group extensions.

The present author wishes to express his thanks to Professors H. Zassenhaus, R.
Steinberg, R. Arens, and S. Sternberg for conversations over a period of years
bearing on the subject of this paper.

2. Induction and production. Let A be an associative algebra with 1 over a field
K and let B be a subalgebra of A containing 1. Following D. G. Higman [6], we
make the following definitions:
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DEFINITION. Let ¥ be a unitary B-module. A pair (U, ) consisting of a unitary
A-module U and a B-homomorphism ¢ from ¥ into U (resp. from U into V) is said
to be induced (resp. produced) from V if, for every pair (W, o) as above, there exists
a unique A-homomorphism 8 from U into W (resp. from W into U) such that

o=10o¢ (resp. a = @ o 0).

Observe that these definitions are simply a formalization of the Frobenius
reciprocity law. Indeed, what is required is that the map 6 — 8 - ¢ of Hom, (U, W)
into Homy (V, W) (resp. the map 6 — ¢ o 8 of Hom, (W, U) into Homg (W, V))
be bijective.

[6] tells us that induced and produced pairs exist and are unique up to the obvious
notion of isomorphism. Indeed, we may construct an induced (resp. produced) pair
as follows: The underlying vector space of Uis A ®; V (resp. Homp (4, V)). Here
A is regarded as a right (resp. left) B-module. The action of a € 4 on u € U is given
by au=(ab) ® v if u=b ® v where be A and ve V (resp. (au)(b)=u(ba) for all
b € A). And finally ¢ is defined by p(v)=1 ® v for all v € V (resp. p(u)=u(1) for all
u € U). For a pair (W, o) as in the definition, the map 8 is given by 6(b ® v)=ba(v),
where b€ A and v € V (resp. (w)b=o(bw) for all we W and b € A4).

Let g be a Lie algebra over K with subalgebra §). Replacing 4 by g and B by §) we
obtain the notions of induced and produced modules of Lie algebra. Let 11(g) (resp.
1(H)) be the universal enveloping algebra of g (resp. §)). Regard g as a subspace of
U(g) and identify 1(h) with the subalgebra of 11(g) generated by § and 1. Because of
the correspondence between g-modules and unitary 1(g)-modules, we are led from
induction and production for the Lie algebra pair (g, §) to induction and production
for the associative algebra pair (U1(g), U(H)).

As Higman points out ([6], §2), the notions of induced and produced pairs are in
a formal sense dual to each other. In our case, we have more.

PROPOSITION 1. Let V be an Y)-module. Let V* be the contragredient Y)-module to
V. Let (U, @) (resp. (U, ¢")) be a pair induced from V (resp. produced from V*). Then
the g-module U’ is isomorphic to the g-module U* contragredient to U.

Recall that for-any g-module W, the contragredient g-module W* is defined by
letting its underlying vector space be the (algebraic) dual of the underlying vector
space of W and defining the action of g on W* by (xf)(v)= —f(xv) for all x e g,
fe€ W*, ve W. The mapping x — —x extends to an antiautomorphism of period
two of (g), called the main antiautomorphism and denoted by '. The restriction of
" to U(H) is the main antiautomorphism of 1U(h). Observe also that (af)(v)=/f(a'v)
for ve W, fe W¥*, and u € U(g).

Proof. Realize U as 1(g) Qug ¥ and U’ as Homuy, (U(g), V*). Let $e
(1(g) @ua, V)* and let a € U(g). Define fi(a) by fi(a)(v) =(a’ ® v) forallv € V. Plainly,
J(a) e V* and § € Homg (U(g), V'*). Let z € U(h). Then Jza)v) =@’z @ v)=
(@ ® z'v)=y(a)(z'v) = (zf(a))(v). Hence e U'.
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Plainly, the map § — ¢ is linear. If b e U(g) and ¢ € U*, we have (b)) (a)(v)
=)@ @ v)=¢('(a’ ® v))=¥((ab) ® v)=~/3(ab)(v)=(b~/3(az)(v) for all ael(g)
andv e V. Thus " is a U(g)-homomorphism. Moreover, if =0, then i vanishes
on a set of generators for U, so that ¢=0.

It remains to show that ~ is surjective. Let { € U’. Define &(a, v) by &(a, v)
={(a')(v) for all a € U(g) and v € V. £ is bilinear on 1(g) x ¥ and £&(az, v)={(z'a’)(v)
={(a")(zv)=&(a, zv) for all z € U(H). Thus there exists a unique ¥ € U* such that
P(a ® v)=£(a, v)={(a’)(v). Therefore §i={ and our proposition is proved.

COROLLARY. Let K be a (Hausdorff) topological field. Realize U and U’ as in the
Dproposition. Give V* and U* the weak topologies they get from the dual pairings
(V, V*) and (U, U*). Give U’ the finite-open topology. Then * is a homeomorphism.

Proof. Let {y,,} be a net in U* and let 4 € U*. Then , — ¢ if and only if
$o(u) > P(u) for all ue U. Since the products a @ v with ael(g) and ve V
generate U additively, we have ¢, — ¢ if and only if J,(a)(v) =¥o(a ® v) — ¥(a @ v)
=4(a)(v). By definition of the topologies on ¥* and U’, this holds if and only if
$o(a) = ¥(a) for all a, which holds if and only if , —  in U’.

ReMARK 1. There is a bijection (viz., annihilation) between the invariant sub-
spaces of V (resp. U) and the closed invariant subspaces of V'* (resp. U*). Thus
Proposition 1 and its corollary allow us to translate irreducibility criteria for U into
topological irreducibility criteria for U’. We shall make use of this in §6.

REMARK 2. The most common uses of the proposition and its corollary are:

(a) K is arbitrary and is given the discrete topology.

(b) K=R or C with the usual topology.

Note that if K=R or C then V'* (resp. U*, resp. U’) has the same set of invariant
subspaces no matter whether we use option (a) or option (b).

Let I be a simply ordered index set whose cardinality is dimg (g/h). Let x € (g/h)"
be chosen so that {X; : i € I} is a basis for g/9. For each i € I, choose x, € g such that
x; € X;. Let J denote the nonnegative integers and let Z denote those m € J! such
that m, =0 for all but a finite number of i € I. |m|=>,.,m,. If m € Z, x™ will denote
xphte - xpn where i, > - - - >0y and {iy, . . ., i,}={i : m;#0}, this product being taken
in U(g). We may regard g/f) as an abelian Lie algebra, so that 11(g/h) = S(g/9), the
symmetric algebra. Then ¥™ will be defined in S(g/h) analagously to x™. Let = be
the linear map of S(g/h) into U(g) which sends x™ into x™.

Let ¥ be an h-module. We define ¢: S(g/9) @k V — U(g) Qug, V by the formula
a ® v)=1(a) ® v for ac S(g/h) and v € V. The Poincaré-Birkhoff-Witt theorem
implies that {x™ : m € Z} is a basis of the right U(f)-module U(g). It follows that .
is bijective. Similarly, we define 7: Homyg, (11(g), V) — Homy (S(g/h), V) by the
formula (7u)(a) = u(r(a)) for u € Homug, (11(g), V) and a € S(g/h). Since {x" : me Z}
is a basis of the left 11(h)-module 1(g), we see that = is bijective. Clearly, « and =
depend on the choice of x.
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Let ¥ be an h-module and let U=1(g) Qug V. Let U,(g) be the span of all
products y,-- -y, in U(g), where y;,...,y,€g and 0=g=<p. Set U,(g)={0} for
p =< —1. This filtration on 11(g) gives rise to a filtration on U: let U, be the span in U
of all elements of the form a ® v where a € 11,(g) and v € V. Similarly there is a
(downward) filtration on U’ =Homyg, (U(g), V):U,={ue U’ : u|l1,_,(g)=0}. We
may use the filtration on U’ to give it the structure of topological vector space, if K
is given the discrete topology. The filtration topology on U’ coincides with the
finite-open topology if ¥ is discrete and dim (g/f) < co.

Since S(g/h)=U(g/h) where g/h is given the abelian Lie structure, S(g/h) Rk V
(resp. Homg (S(g/9), V)) is the g/h-module induced (resp. produced) from the
trivial {0}-module V. Thus we may filter these modules as above. We then obtain

PROPOSITION 2. : and = are filtration preserving.

Proof. We shall give the proof for «. The proof for = is quite similar. Let
U=1(g) Qug, V and U=S(g/h) ®x V. Clearly (U,)< U,. Embed I in a simply
ordered set I’ so that ie I and i’ e I' — I imply i’ > i and so that the cardinality of
I'=dim g. Choose x€g"” so that {x;:iel'—I} is a basis for §) and so that
{x; : i € I'}is the previously chosen basis of g modulo 1. We define Z’ to be the set of
almost zero m e J*' - |m| =3, m;. If m € Z', x™ is defined in the obvious way. Now
by the Poincaré-Birkhoff-Witt theorem, any product y, - - - y, in 11(g) with y, € g may
be written as a linear combination of x™ with me Z’ and |m| £q. Therefore any
u e U, is a linear combination of elements of the form x™ ® v,, where |m| <p and
v, € V. Let [ (resp. r) be defined by /;=m,; (resp. r;=0) if i € T and ;=0 (resp. r;=m;)
if ielI'—1. Then x™=x'x" and x" € U(h). Therefore x" ® vp=x'Q x"vy, € (U,)
because || < |m|=p.

3. The multiplicative structure of produced representations. Let V; and V, be
h-modules and hence U(h)-modules. Then the tensor product of the underlying
vector spaces becomes naturally a 1(h) ® 1(h)-module, denoted by V,XV,.
1(h) ® U(h) is canonically isomorphic to (H @ H), so that we regard V; XV, as an
H @ H-module. Thus Homygen, (N(g @ ¢), VX V3) is a ¢ @ g-module. Note that
if u; € Homyg, (U(g), V), i=1, 2, then u; Xu,, mapping U(g) @ U(g) into V1 XV,
defined by (u,Xus)(a ® b)=u,(a)Xux(b) for a,bel(g) in fact belongs to
Homyggg, (U(g @ @), V1 X V). Moreover, the map (u;, up) — u, Xu, gives rise to a
map of Homuyg, (11(g), V1)XHomy, (1(g), V) into Homugey, (U(g @ 9), ViXV5).
This map is a U(g) ® U(g)-homomorphism.

We may also consider the )-module V; ® V., whose underlying vector space is
that of V;XV,, with the h-action h(v; ® v;)=(hv,) ® vo+v; ® (hvy). This action
may be related to the action of U(H @ h) on VXV, as follows: Let A be the
diagonal map of g into g @ g given by A(x)=x @ x. A is a homomorphism and
hence extends to a homomorphism of 1(g) into (g @ g). We have h(v; ® vg)
=A(h)(v,Xv,) for h € b, with the obvious abuse of notation.
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Given u; € Homyg, (U(g), V3), i=1, 2, we define a map i; ® u, of 1(g) into ¥V, XV,
by (4, ® uz)(a)=(u,Xu;)(A(a)). Here we are using the coproduct A in the hyper-
algebra U(g) to define a multiplication in certain dual spaces, exactly as in [10].

LEMMA 1. U ® Uy € Homu([,) (u(g), Vl ® Vz).
Proof. Let a € U(g), z € U(H). Then

(1, ® uz)(za) = (uy Xuz)(A(za)) = (u; Xuz)(A(2)A(a))
= A@) (1 Xu)(A(@)) = 2((1; @ u5)(a)).

Let 2(g, ) denote the class of all g-modules Homyg,(11(g), V'), where ¥ runs
over all h-modules. We have defined a multiplication on |J Z(g, ), which is
clearly bilinear. Moreover, it is associative: if o is the canonical isomorphism of
(Vl ® Vz) ® V3 OntO Vl ® (V2 ® V3) and lf ui € Homu(b) (u(g)’ I/i), l= ls 29 3’
then o o (u; @ ux) @ Uz)=u; @ (U @ uy).

PROPOSITION 3. Each x € g acts on \J (g, ) as a derivation; i.e. if e Uj €
P(a, ), i=1, 2, then x(u; @ uz)=(xuy) @ us+u; ® (xus).
Proof. Let a € 1(g). Then

[x(u, @ uz))(a) = (w2 ® uz)(ax) = (w1 Xuz)(A(ax))
= (1 Xux)(A(@A(X)) = [A(x)u Xuz)](A(a))
= [(xur) Xz +u; X (xu2)(A(2))
= [(xt1) ® us+u; ® (xuz))(a).

Next we relate these operations to the filtrations introduced in §2 on produced
modules.

LEMMA 2. Let'y;,...,yp €. Then

m m
A(yi"l.yzp) = 1). . ( p)y’{l. . .y’;p®yiﬂ1-k1. ..yz‘p—kp

ogém, (kl

ky
in U(g).
Proof. If my=---=m,=1, then A(y; - y)=(11 @ 1+1 Q@ y) - (¥, ® 1+
1 ® y,) which multiplies out to give our formula. The general case of the lemma
follows upon applying this result to z;- - - z,, m=3 my, where z,=--- =z, =y,,
Zmy41= """ =2Zm, +my=Ya, €tC., and collecting terms.
COROLLARY.

A(U,(8)) € D% i(8) ® U, (0).

k

PROPOSITION 4. Let U;=Homyg, (U(g), V3),i=1,2. Let
Us = Homyggy, (WED @), V1XVsy) and U, = Homyg, (U(g), V1 ® V).
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Suppose u; € (Uy), and uy € (U,),. Then u;Xug € (Us)psq Uy ® s € (Uy)p+q, and
xuy € (Uy)p-, for all x € g.

Proof. Identify (g ® g) with 11(g) ® U(g). Then
Un(8 D ) = D5 Wi(8) ® Up_i(0).
k

This gives the result for u; Xu,. The corollary of Lemma 2 gives the result for
#; ® u,. Finally if a € 1, _,(g), then ax € U, _,(g), whence (xu;)(a) =u,(ax)=0 and
xuy € (Ur)p -1

The notion of produced representation of Lie algebras is intimately connected
with the conventional notion of induced representation of Lie groups. Let G be a
connected real Lie group with closed connected subgroup H. Let L be a continuous
representation of H on the real finite dimensional vector space V. Let C7(G, V) be
the space of all C* functions g from G to ¥ such that g(ée)=L,f(«) for all € H
and « € G. G acts upon CZ(G, V) according to the formula (8g)(«) =g(«B). For each
g€ CR(G, V), we define g: U(g) — V by g(a)=(ag)(¢). Here U(g) is realized in the
usual way as the algebra of all left invariant differential operators on G. (In par-
ticular, (xg)(¢) = D,g(« exp tx)|;-, for x € g.) ¢ is the identity element of G.

We turn V into an h-module by setting hv= D,L.y, in?|:=o- If g € CF(G, V) and
a € U(g), then ag € CZ(G, V). Thus CZ(G, V) is a U(g)-module. We now have

PROPOSITION 5. ~ is a U(g)-homomorphism of C5(G, V) into Homyg, (U(g), V).

Proof. Let he ), a e U(g), and g € CF(G, V). Then

§(ha) = (hag)(e) = Dy(ag)(exp th)|i=o
= DiLexp 1n(ag)(e)|:= 0 = hg(a).

Thus g € Homyg, (1(g), V). Now suppose x € g. Then (xg)~(a) =(axg)(e) =£&(ax)
=(xg)(@). Thus ~ is a U(g)-homomorphism.

This shows that the 11(g)-module structure on Homy, (11(g), V) is a reflection of
the U(g)-module structure on CF (G, V). One can even show that ~ is surjective.

We finish this section by showing that X (resp. ®) is a reflection of the natural X
(resp. ®) defined for induced group representations. If g, € CZ(G, V), i=1, 2, we
define g1Xgy: GxG — VXV, by (g1Xg2)(1, #3) =81(21)Xg2(e2). L1X Ly is the
representation of Hx H on V,XV, given by

(LiX Lo, 11 X03) = (Lyz,01)X(Log,a).

Then g,Xg; € C3«u(Gx G, ViXV;). Observe that the 1(H @ h)-module structure
on VXV, determined by L, X L, is the X-product of the 11(§)-module structures on
V, and V..

We define similarly g, ® g:: G — V; @ V, by (g1 ® g2)(@)=g1(e) ® go(«) and
L, ®L; by (L, ® Ly)(v; ® v2) =(L1201) ® (Logva). Then g, ® g€ CF(G, V1 Q V).
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We observe that the U(h)-module structure on ¥V, ® ¥, determined by L, ® L,
is the ®-product of the 1()-module structure on ¥, and V.

PROPOSITION 6. (g,Xg2)~ =8§1X&2 and (8, ® g2)" =8, ® &2
Proof. U(g) ® U(g) is the algebra of all left invariant differential operators on
G x G via the natural isomorphism with U(g @ g). This correspondence makes

a ® b e 1(g) ® 1U(g) operate on a function on G x G be letting a operate on the
first variable and b operate on the second. Therefore

(81X82)"(a ® b) = [(a ® b)(8:1%X83))(=, €) = [ag1 Xbg](e, €)
= (ag1)(e)X(ag2)(e) = £1(a)XF2(b) = (§1%X&2)(a ® b).
As for ®, we note that the Leibniz product rule comes down to [a(g; ® g2)1(<)
=[A(a)(g1%g2))(«, ). Therefore

(81 ® g2)7(a) = [a(g: @ g2)1(e) = [A(a)(g1%82))(e; €)
= (81X82)~(A(@)) = (£:%X&2)(A(a)) = (£: ® £2)(a).

REMARK. Note that CF(G, V) may be regarded as the space of C = -cross-
sections of the homogeneous vector bundle over H\G associated to the principal
bundle G — H\G by the action of H on V given by L. Thus Homyg, (11(g), ') may
be thought of as an infinitesimal homogeneous vector bundle. From this point of
view u; ® u, is the usual tensor product of cross-sections.

NotATION. For the rest of this paper u; ® u, will be denoted by w,u, whenever
u; € F=Homyg, (U(g), K) where K is the one-dimensional trivial h)-module. As
usual K ® Vis identified with V. This makes F an associative algebra with identity
e(e(1)=1 and e(gll(g))=0) and turns every produced module into a unitary F-
module. This is immediate from Lemma 2.

4. The Guillemin-Sternberg-Rim realization theorem. Let g be a Lie algebra over
a field K. Let Y be a subalgebra of g. Set g,=g for p< —1 and go=¥. Define g,
inductively by setting g,={x€g,-, : [y, x] €g,-, for all ye g}, p=1. An easy in-
duction (cf. [3], §6) shows that {g,} is a filtered Lie algebra. It is O-acyclic (see [9]);
if it were complete and if dim (g/h) < co, it would be a transitive Lie algebra. The
filtration is separated (i.e. () g,={0}) if and only if § contains no g-ideals, a property
we assume through the end of Theorem 1.

Let F=Homyg, (11(g), K) be given its filtration (see §2). Let D, be the space of
derivations d of Fsuch that dF, < F, ., for all m and let D=\ D,. {D,} is a filtered
Lie algebra. If L is a Lie subalgebra of D, we filter L by setting L,=L N D,. For
x € g, define y(x) € Homg (F, F) by y(x)u=xu for u € F (i.e. y is the representation
of g determined by the g-module F). Finally, note that F=Ke+ F, and that
D FC F;.

THEOREM 1. v is a filtered Lie algebra isomorphism of ¢ with a subalgebra of D.
For every Lie algebra homomorphism y, of g into D such that y,(x)—y(x) € D, for

all x € g, there is a unique filtered algebra automorphism 0 of F such that 6 o y,(x)
=y(x) o 0 for all x € g.
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Proof. According to Proposition 3, y(x) is a derivation of F. Plainly y(x) e D_,.
We show that y(h) € D, if and only if he . Suppose he ) and ueF,. Let
acU,_,(g). Then (y(h)u)@)=u(ah). But ah=ha+b where belU,_,(g). Since
u(ha)=0 and u(b)=0, y(hyu e F, and y(h) e D,. Now suppose h¢ . Choose
h e g/H< S(g/h) such that h € h. h#0. Let = and = be as in §2. Then (k) =h. Choose
w € Homg (S(g/9), K) so that w(h)#0. Set u=="'(w). Then [y(h)ul(1)=u(h)=
u(r(h))=w(h)#0 so that y(h)u ¢ F,. Therefore y(x) ¢ D,.

It follows that y is injective. Indeed, let t=Kery. x €t = y(x)F,={0}<F, so
that y(x) € D, and hence x € §). But ) contains no g-ideals. Therefore ={0} and y
is injective.

We next show that y(g,)=y(g) N D,. We have already shown this for p<0.
Suppose inductively that y(g,)=y(g) N D, for some p=0. We show that y(g,,,)
=y(@) N D,,;. Let xeg,,,. Then x, [y, x]eg, for all yeg so that p(x),
¥([y, x]) € D,. As a secondary induction, assume that y(x)F,,_, S F,, , , for some m.
We show that y(x)F,<Fn.p+:- Let ueF,,ael,,,_:(g), and yeg. Then

[r(x)ul(ay) = u(ayx)=u(aly, x]) +u(axy) =¥y, xDul(a) + [y(x}y(»)ul(a). Now

y([y, x]) € D,

so that y([y, x]Ju e F,,,, and the first term vanishes. Again y(y)u € F,,_, and
Y(x)F 1S Fp 4 p so that the second term vanishes. Thus y(x)u vanishes on U, , ,(g)
and y(x)u € F,, 1. The secondary induction proves that y(g,)< D, , ;. Conversely,
suppose y(x) € D, ,,. Let u € F, and y € g. Then y([y, xDu=y(»)y(x)u—y(x)yy(y)u.
Since y(y)e D_, and y(x) € D,.,, the right-hand side belongs to F,,,. Thus
y([y, x]) € D,. By our induction hypothesis x, [y, x] € g,. Therefore x € g, ;.

Let v, be as in the statement of the theorem. Note that y,(x) =y(x) (modulo D,)
implies y,(g)= D_, and y,(§)< D,. Define o: F— K by ou=u(l). Then o o y(h)
=go yl(h) =0for A € %. Since Fis produced from the trivial )-module K, §2 provides
us with a unique 8 € Homg (F, F) such that 8 o y;(x)=y(x) o 8 for all x € g. Indeed,
(0u)(@) = oy, (a)u) = (y,(a)u)(1) for all u € Fand a € U(g). (Here y, has been extended
to a homomorphism of U(g) into Homg (F, F).) Since y, maps g into D_,,
y1(X)F,S F, _, for all m. Therefore y,(1,(g))F,< F,, -, for all m and p. It follows
that 0F,,c F,, so that @ is filtration preserving.

6 is a bijection. In fact, let u € F,, and y € g. We have y,(y)u=y(y)u (modulo F,).
Since 0o y,(¥)=v(y) - 0 and 8 is filtration preserving, we obtain y(y)0u=0y(y)u
(modulo F,). If y,, ..., y, € g, we obtain by iteration y(y;- - - y,)0u="0y(y,- - - y,)u
(modulo F,_,,,). Therefore, if ael,(g), (6u)(a)=[y(a)du](1)=[0r(a@)u](l)=
[v(@)u)(1) =u(a) because be=e, OF, < F,, and F= Ke 4 F; (e is the identity of F). We
have shown that 8u=u (modulo F,) for all u € F,,. It follows that 8 is injective and,
since F is filtration complete, that 6 is surjective.

We now show that 0(u,u,) =(0u;)(8u). To see this, we first note that Fis a D-
module, hence a 11(D)-module, so that FXFis a W(D) ® W(D)-module and FQ F
is a U(D)-module in the usual ways. The multiplication in F gives rise to a linear
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map v: F® F— F. That D consists of derivations is precisely equivalent to v being
a D-homomorphism, hence a U(D)-homomorphism. Put in terms of v mapping
FXF — F, v intertwines the action of A/ on FXF with the action of / on F, for all
le W(D). y and y; are homomorphisms of g into D and hence extend to homo-
morphisms of 11(g) into (D). yXy and y, Xy, are homomorphisms of 11(g) ® UU(g)
into W(D) ® N(D). We have Aoy=(yXy)o A and A oy, =(y,Xy,) o A. 0 inter-
twines the representation y, with the representation y; 6% 6 intertwines y, Xy, with
yXy. Let o be as in the previous paragraph. oXo maps FXF into K. One verifies
immediately that o o y,(@)=0 ° 8 o y,(a) for a € U(g) and o - v=0Xo. Let a € Ui(g).
Then
goy(@obov=cgo0f8oy(a)ov =0co0y(a)ov

= g ovo [(y1Xy:1)(Aa)] = (¢X0) o [(y1X7:)(Aa)]

= (o%0) o (6%0) © [(y1X71)(Aa)]

= (oX0) o [(yXy)(Aa)] - (9% )

= o ov o [(¥Xy)(Aa)]  (6x0)

= oo y(a) o v o (BX0).
This implies 6 o v=v o (§%0); i.e. 8 is multiplicative.

Guillemin and Sternberg, as part of their study of the infinite groups of Cartan,
proved a Realization Theorem: every abstract transitive Lie algebra g over a field K
of characteristic 0 could be embedded in an essentially unique way in the Lie
algebra D(g/h) of continuous derivations of K[[(g/9)*]], where ) is a fundamental
subalgebra of g (see [3, §6] for definitions and statements, especially Theorem III;
also [11, Theorem 4.3]). Rim [9, Corollary 3.9] extended the theorem to K of arbi-
trary characteristic by redefinining D(g/h) to be a certain subalgebra of the deriva-
tions of S(g/h)* (see Rim [9, p. 356]). Both the Guillemin-Sternberg proof and the
Rim proof are cohomological in nature. Both proofs give a noncanonical embedding.
Both proofs assume that dim (g/h) <oco although this restriction is not essential if
things are properly done (see Remark 2 below). Our Theorem 1 embeds ¢ in a
filtered Lie algebra D of derivations of F. This embedding is canonical and any
other embedding which is ““close to” it is equivalent to it. There is no restriction on
dim (g/9). There is no cohomology.

We can retrieve the Guillemin-Sternberg-Rim Theorem as follows:

PROPOSITION 7. Let u; € Homyg, (U(g), V3), i=1,2. Then

1r(u1 ® uz) = 77(“1) ® ﬂ(uz).

Proof. Let I be an ordered index set for g/, choose x € (§/5) and x € g, define
Z<J', and define x™ and x™ for m € Z as in §2. The map =: S(g/9) — U(g) is defined
by 7(¥™)=x™. Applying Lemma 2 to X" and x™, we obtain that

A(r(Z™) = (+ @ 7)(Ax™); ie.Aecr=(r Q7)o A
This dualizes to give our proposition.
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COROLLARY. F=Homygy, (U(g), K) is isomorphic to the filtered algebra S(g/H)*.
If char K=0, F is isomorphic to the algebra K[[X;));c; of formal series in the variables
{X:her with coefficients in K, filtered by total degree.

Proof. See Rim (loc. cit.) and Cartier [10, Exposé 3, Proposition 6].

Thus we may transfer the action of y to E=S(g/h)* via . d € D,(F) if and only
if mrodon~!e D,(E). Thus we obtain a filtered Lie algebra isomorphism #(-)
=moy(-)om ! of g into D(E). In this setting, the restriction (y; —y)(g)< D, has a
more natural form. E is a g/f)-module (g/} is abelian!). Let & be the corresponding
representation. For y € g, let y be its coset in g/}.

PROPOSITION 8. %(y)—8()) € Do(E) for all y € g.

Proof. Choose {x,};; as in Proposition 7. Let i € I and define r € Z by r;=§;;. Let
ucE, and w=n"(u). If me Z satisfies |m|<k—1, then [y(x)u](x™)=(x;w)(x™)
=w(x™x;), while [8(x)u](x™)=u(x"*")=w(x™*"). By the Poincaré-Birkhoff-Witt
Theorem, x™x;=x™*" (modulo U,,(g)). It follows that [y(x)u](x™)=[8(X;)u](x™).
Thus (x;)— 8(X;) € Do(E). Also y(h)—8(h)=y(h) € Do(E) for all h €Y. Therefore
7(»)—8(7) € Do(E) for all y e g.

COROLLARY (GUILLEMIN-STERNBERG-RIM). There exist Lie algebra homo-
morphisms B of g into D(E) satisfying B(y)— 8(9) € Do(E) for all y € g. Any two such
are equivalent under a filtered algebra automorphism of E and are necessarily filtered
Lie algebra isomorphisms.

REMARKS (1) The noncanonicalness of the embedding in D(E) shows up in our
proof as the noncanonicalness of .

(2) One can rescue the Guillemin-Sternberg proof for arbitrary characteristic and
arbitrary dim g/} as follows: Let V'=g/5. Let U=Homg (S(V), V). U is injective,
whence HY(V, U)=0 for g=1. The calculations of Guillemin and Sternberg go
through and all that remains is to identify U as a graded subalgebra of D(E). So
let deU and ueckE. If a,beSV), form (dOu)(a ® b)=u(bd(a)). dQue
Homg (S(V) ® S(V), K). Set du=(d [] u) o A. One easily checks that d: u — du
belongs to D(F); d gives a homogeneous derivation of degree p if and only if 4 is
homogeneous of degree p+1 as a member of U. If dim V' <oo, then U~EQ V,
which is Rim’s ambient Lie algebra.

(3) If char K=p>0, D(E) contains derivations of arbitrarily large negative
degree, because d” is a derivation whenever d is. For the same reason D _,(F) con-
tains ‘“nonstandard” derivations such as uy(y)® where u € E,_,; and y € g. These
derivations do not belong to U. Thus our uniqueness result is stronger than Rim’s.

Using their Realization Theorem, Guillemin, Spencer, and Sternberg have defined
a formal notion of “induced representation’’ [3a]. It is motivated by the following
observations: Let G, H, and V¥ be as in Proposition 5. Let H°={(¢, £) : £ € H} and
set £9=(¢, £) for ¢ € H. Make V into an H°-representation space by having each
£° € H° act as the identity operator. Regard H and G as subgroups of H x G.
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Then CZ(G, V) is naturally isomorphic to the space of fe Cio(H x G, V) for which
€A, &) =L; f(¢, o) forall ¢, ¢ € Hand «€ G via the map f — f where f(«) =f(e, ).
We have (¢f)~ =of for ¢ € G.

This leads to the Guillemin-Spencer-Sternberg definition: Let g be a finite
dimensional Lie algebra over a field K, let ) be a subalgebra of g, and let V' be a
finite dimensional H-module. Let H°={(h, h) : h € b} and set h°=(h, h) for he .
If we assume § N ¢={0}, where c is the center of g, then §° contains no nontrivial
ideals of § @ g. We may therefore realize ) ® g as a Lie algebra of derivations
of S(h @ g/h°)*. Regard § and g as subalgebras of ) @ g. Let W consist of those
we S(H D g/h°)* ® V which are annihilated by h @ I+ ® h, h € §. Wis invariant
under ¢ and is called the g-module “induced” by V.

Observe that to make this construction we need:

(1) dim V'<oo,

(2) H N e={0}, and

(3) dim g=dim (g @ H/5°) <co.

Using Remark (2) above, restriction (3) is inessential to their method. Qur con-
struction of produced module needs none of these restrictions, yet is equivalent to
the “induced ” construction when these restrictions hold. This follows from Theorem
1 and

PROPOSITION 9. Let g, ¥, V, and K be arbitrary. Let §° act trivially on V. Let W be
the subspace of w € Homye, (W(H @ @), V) such that (hw)(c)= —hw(c) for all he
and c e U(Y @ g). W is g-invariant. If we W, let w be the restriction of w to U(g)
(regarded as a subalgebra of W(H @ @)). Then ~ is a U(g)-isomorphism of W onto
Homuyg, (U(g), V).

Proof. We identify U(h @ g) with U(h) @ U(g). Note that 1U(H°)=Al(H). Let
we Homy (UW(H @ g), ¥). Then we Homyge, M(HDg), V) if and only if
w(A(h)c)=0 for all heh and c e U(h) ® U(g); i.e. if and only if w(hz Q a)=
w(z @ h'a) for all hel, ze U(h), and a € U(g). This condition is the same as
requiring w(z ® a)=w(l ® z'a). Therefore w is determined by its values on 11(g)
and - is injective.

Let w e Homyge, ((H @ g), V). Then w e W if and only if (zw)(c)=2z'w(c) for
all ze U(h) and c € U(H) @ U(g). But w(za)=w(l ® za)=w(z' @ a)=('w)(1 ® a)
while zw(a)=zw(l @ a). Therefore we W if and only if we Homyg, (1(g), V).
Again, (bw)(a)=w(ab)=w(l ® ab)=w((1 ® a)(1 ® b))=(bw)(1 ® a)=(bw) (a) for
a, b € U(g). Therefore ~ is a 1(g)-homomorphism. Finally, let v € Homyg, (1(g), V).
Set w(z ® a)=u(z'a). Then w e W and w=u, so that ~ is surjective.

5. Systems of imprimitivity. Let g be a Lie algebra over a field X of arbitrary
characteristic and let W be a g-module. Let 1) be a subalgebra of g. Let

F = Homyg, (U(g), K).
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DEFINITION. A (fransitive) system of imprimitivity based on g/h) for W is an F-
module structure on W such that x(fw)=(xf)w+f(xw)forallxe g, fe F,andwe W.

This definition is an infinitesimalization, due to Guillemin and Sternberg, of the
notion of system of imprimitivity for groups introduced by Mackey [7] (see [1] for
a group definition closer in spirit to the Lie algebra definition).

PROPOSITION 10. Let V be an Y-module and let W be the g-module
Homyg, (U(g), V).

Let F act on W by means of ®. The resulting F-module structure on W is a system of
imprimitivity based on g/%.

Proof. Immediate from Proposition 3.

In what follows, we shall denote the product ® in F and between F and other
produced representations by simple juxtaposition. The product X will continue to
be denoted by X.

Our goal is to prove a sort of converse to Proposition 8. Let W be a g-module
equipped with a system of imprimitivity based on g/f). Set W,=F,W for each
integer p. Then {W,} is a filtration on W with W,=W for p<0. Moreover,
F,W,csW,,, Again, gF,cF,_; and )F,< F, according to Theorem 1. Therefore
gW,=s W,_, and YW, W,,

LEMMA 3. Ifwe W, for some p=1 and if gw € W, then we W, ;.
Proof. Write

W= Z’; fw;  (modulo W,.,),
where f; € F, and {w} is linearly independent in W (modulo W,). We have

yw = 12’1‘ (y1f)w; (modulo W,)
where y, € g. Iterating,

Yo W = zfl: (Yo: - -y1f)w; (modulo Wy _,.,).

Hence if a € U,(g),

aw = Z’: (af)w; (modulo W}).
But

Z]’; (afy)w; = 2’; f{@w, (modulo W,)
and aw € W,< W,. Therefore
ij f{@w, =0 (modulo W,),

whence f(a)=0, j=1, ..., k for all a € U,(g). This says that f,e F,,,,j=1,...,k
andsowe Wp,,.
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Assume that the filtration on W is separated. It follows from Lemma 3 that
V=W,/W,#{0}. V is an h)-module and the projection ¢ of W on ¥V is an h-homo-
morphism. Let U=Homy, (11(g), V) and let 8 be the usual g-homomorphism of
W into U defined by (8w)(a)=o(aw), a € U(g).

LemMA 4. we W, if and only if 0w € U,

Proof. Let we W,. Ifae U,_,(g), aw € W, so that o(aw)=0. Therefore 0w € U,
We show by induction that for all p, 6w € U, implies w € W,. This is true for p=1.
Suppose it is true for p and let 6w e U, ;. Then 6w € U, so that we W,. Again
O(xw)=x60w e U, for all x e g. Thus gwe W,. By Lemma 3, we W, ;.

COROLLARY. @ is injective.
LeMMA 5. 8 is an F-homomorphism.

Proof. The argument is essentially that of the last paragraph of the proof of
Theorem 1. Form the U(g) ® U(g)-modules FX W and FXU. Define v: FX W — W
by v(fXw)=fw. The formula x(fw)=(xf)w+f(xw) implies the formula av(g)
=v(A(a)g) for ae U(g) and ge FXW. Moreover, the definition of W, implies
o(fw)y=o(f(1)w) for fe Fand we W. If a, b € II(g), f€ F, and w € W, then

(fx0(w))(a ® b) = f(@)a(bw) = o(f(a)bw)
= o((af)(1)bw) = o((af)(bw))
= o(¥((@ ® b)(f %xw))).
Hence (fX 0(w))(c)=o(v(c(f%Xw))) for c € Nl(g) ® 1(g). Therefore

(fOwW)(@) = (fXIW)(A@) = o((A(@)(f%XW)))
= o(a(fxw)) = o(a(fw)) = 6(fw)a)
for all a € U(g).
Let ¢ be the h-homomorphism of U onto V defined by du=u(1).

LEMMA 6. Let X be an F-stable subspace of U such that $(X)=V. Suppose either
(1) X is closed in the finite-open topology of U (V is discrete!) or (2) dim V' <co. Then
X=U.

Proof. Let I be an ordered index set for g/9, choose x € ¢, define Z<J?, and
define x™ for m € Z as in §2. We shall write /= m for I, m € Z whenever [, = m, for all
i € I. Define f,, € F for m € Z by the formula f,,(x")=38,,. If u € U, then Lemma 2
shows that (f,,u)(x")=0 unless /= m and that (f,u)(x™)=u(1). If {#4,}mez is in U, then
> m Sl converges in the finite-open topology of U in the unordered sense since it
converges on every x', [ € Z.

Choose a linear map «: ¥ — X such that ¢ o « is the identity map. Let u be
given in U. We define inductively a family {w,}nez in «¥ in such a way that

Uy = u— Z faWm € Ups1

Im|=p
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Set wo=a(u(1)). Then 1,(1)=0 so that u, € U,. Suppose that {w,} have been defined
for |m|<p. For |m|=p+1, set wp,=a(u,(x™). Then w,(1)=u,(x"™), (fuWm)(x*)
= 8ymitp(x™) for |k|Sp+1,

Uy r(X) = 1)~ D (fwa)x) =0
Iml=p+1
for |k|<p+1, and 50 u, ., € U, , as desired.
It follows that u=> ez fuWn. If X is closed, then u € X. If dim ¥ <00, choose a
basis {wqy, . . ., W} for «V. Write

Wm = 2,:: AimWep
with X’s in K. Define {f1), . - -, fio} In F by fi5(x™) = A;p. It follows easily that

q
u= 21 JoWens
7

and once again u € X. In each case, therefore, X="U.
We finally arrive at our main result on imprimitivity.

THEOREM 2. 8 is an injective g- and F-homomorphism of W into U. If (1) dim g/%
< oo and W is complete or if (2) dim V <o, 8 is a bijection.

Proof. It remains to consider the surjectiveness of 6. Let X=0W. X is F-stable
and ¢ X=V. Case (2) follows from case (2) of Lemma 6, case (1) from case (1) of
the lemma together with the observations that 0 is filtration preserving (Lemma 4)
and that the filtration and finite-open topologies on U agree when dim g/§ < co.

ReMARK. (1) This theorem is an analogue of Mackey’s Theorem 2 in [7].

(2) Guillemin, Spencer, and Sternberg [3a] have proved an imprimitivity
theorem for situations in which their Realization Theorem can be used to define
their “induced” representations. Our results generalize theirs.

6. An irreducibility theorem. In Theorem 8.1 of [8] Mackey has proved a
criterion for the irreducibility of induced representations of group extensions. We
will prove an analogue of part of this result for induced and produced representa-
tions of Lie algebra extensions.

Let g be a Lie algebra and let t be an ideal of g. Let ¥ be a f-module. Let
h={yeg:3IsecHomy (V, V)3 : [y, klv=skv—ksv for all veV and ket}.
Clearly 1 is a subalgebra of g and t<¥h.

DerINITION. A module is called absolutely irreducible if it is irreducible under
arbitrary extensions of the base field K, or equivalently if the commuting ring con-
sists of multiplications by K.

THEOREM 3. (a) If §#1Y, then U(g) Qug, V is reducible.
(b) Suppose K has characteristic 0 and V is absolutely irreducible. Let W be an
irreducible (resp. absolutely irreducible) f)fmodule such that as a t-module it is a
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direct sum of copies of V. Then W(g) Qug, W is irreducible (resp. absolutely
irreducible).

For the proof of this theorem, we need the following lemma:

LeMMA 7. For x € g, let 8(x)k=[k, x] for k €t. 8 is an antihomomorphism of g
into the Lie algebra of derivations of t. Extend 8(x) to be a derivation of W(t). Then
extend & to be an antihomomorphism of 1(g) into Homy (U(f), U(¥)). Let z € U(Y)
and y,, ..., y,€¢. Then

r r
Zy. . yrp = z (ki) ce (k:) Y. ’[S(y” ki, ;p ~kr)z].

0Sky=r;

Proof. We shall prove this in the case r;=---=r,=1. The general result will
follow by identifying y’s and collecting terms exactly as in Lemma 2. The lemma
holds trivially for p=0. Suppose it holds for p. Then

ZY1°Yp+1 = N1ZY2 ~y,+1+[8(y1)z]y2- Vp+1
=N z yl;'::ll[a(yl k2. yp+1’”)z]

0=Kk;=1

+ > e yea[s(yh e yh ik )8(py)e]

0=ki=1

= z Yiryka. .. yEpsa[S(yi-kiph =R .yl kera)g)

0=Ki=1
because S(a)b‘(b) 8(ba).

Proof of theorem. (a) Choose 0#y€ ), y ¢t. Choose an ordered index I with
highest element i, and x € g’ so that {x;},, is a basis for g (modulo f) and so that
xi,=y. Define Z<J" and x™ for m € Z as in §2. Set U=1(g) Qug, V and filter it as
in §2. Choose s € Homy (V, V) for y as in the definition of Y. Define r € Z by
r;=3,,. We add and subtract in Z in the usual way. Let T be the subspace of U con-
sisting of all linear combinations of elements of the form x™*" ® v—x™ ® sv for
meZ and v e V. Since the map : (see §2) of S(g/f) ® V into U is a linear isomor-
phism, we see that TN U, ={0} and hence that T is a nonvoid proper subspace of
U. We finish by showing that T is 1(g)-invariant. Let k € . Then

k(xi, @ v— 1 Q@ sv) = [k, x;,] @ v+ X,k @ v—k ® sv
= X, @ kv—1 ® (ksv+[x;,, k]v)
=X, ® kv—1Q skv

by the definition of s. Thus S={x, @ v—1 ® sv : ve V'} is t- and hence U(f)-
invariant. But U(g) = > ncz x"U(t). Thus U(g)S = J ez x™S=T because x™x,,=x"*".
Therefore T is 11(g)-invariant and U is reducible.

(b) Let {x;};c; be an ordered basis for g (modulo b) as in §2. Set U=1(g) Qug W
and filter it as in §2. Let 7 be a non-{0} 1(g)-invariant subspace of U. We will show
that T=U.
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Case 1. Suppose that T'N U,#{0}. Then U(H)(T N Upy)=1 ® W by the ir-
reducibility of W and the fact that A(1 ® w)=1 ® hw for h € §) and w € W. There-
fore T23 ez x™ Q@ W=U.

Case 1II. Suppose that TN U,={0}. Let p be the least integer such that
TN U#{0}. p=1. Choose 0#ueT N U,. Remembering that . is a filtration
preserving isomorphism, we write

U= Z X" Q Wp
Iml=p

with w, € W. By hypothesis, W = 4, V,, where the V, are f-submodules of W
t-isomorphic to V. Only a finite number of the w,, are nonzero and hence the w,,
have components in only a finite number of the V,, say V,,,..., V,,. Let (",
n=1,...,q, be a t-homomorphism of W into ¥ which vanishes on 3,.,, ¥, and
is an isomorphism on V,,. Then, if z € U(t), zw,,=0 if and only if z{*(w,)=0 for all
n=1,...,q.

Choose 0#v e V. Without loss of generality we claim we may assume that
{"wn=A%o for [m| =p and all n, the X’s € K and not all 0. In fact, for our original u
and the corresponding w’s, we may use the Chevalley-Jacobson density theorem on
the absolutely irreducible -module ¥ to find z, € () such that z,{*w,, = A%v where
the X’s are as above. It follows from Lemma 7 that

ZoU = Z X" Q zoWp
Iml=p
(modulo U, _,). Using zyu instead of our original », we have an element of TN U,
satisfying our assumptions.

For all z e U(t) and |m| =p, {*(zw,,) = A%, zv. Therefore w,, =0, [m|=p if and only
if A% =0 for all n. Moreover, if w,,#0, then zw,, =0 if and only if zv=0.

Choose m so that |m|=p and w, #0. For each i € I define r(i) € Z by r(i);=35,.
Choose i, € I with m;;>0. Set /=m—r(i;). Using Lemma 6 again, we see that the
coefficient of x! in «~(zu) is
m 2= 2+ DIB)ZIW1 11

jer
Choose n, so that A7° 0. Applying {™ to (1) we get zv,— [8()z]v, where vy={"ow,

and
y= Z (54 DA i

jel
The coefficient of x;, in y is Az’ and hence y ¢ 9.
We now prove that y € ), which contradiction will show that Case II is void.
Every member of V is of the form zv. Suppose zv=0. Since

Zu = Z x* ® zw, (modulo U, _,)
lkl=m

and {"zw, = Aizv for 1 Sn<gq, we see that zu e T N U, _,. By the minimal choice of
D, zu=0. Hence (1) vanishes and so zv,—[8(y)z]Jv=0. Therefore we may define an
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operator s € Homg (V, V) by szv=zv,— [8(y)z]v. Suppose k € £. Then
sk(zv) — ks(zv) = kzvo— [8(¥)(k2)Jv —{kzv, — k[3(y)z]v}
= kzvy— [(8()k)z + kd(¥)zlv — kzv, + [k8(y)z]v
= [3(y)klzv = [k, yz..
Therefore y € §.
To get absolute irreducibility in (b) it suffices to consider arbitrary field ex-
tensions of K and apply what we have already proved.

Using Proposition 1 and the Corollary and remarks following it, we can dualize
Theorem 3 and obtain

THEOREM 4. Let V be a finite dimensional t-module over the topological field K.
Give V the weak topology of the pairing (V, V*). Define Y as in Theorem 3.

(a) If H#1¥, then Homyg, (U(g), V) is topologically reducible in the finite-open
topology.

(b) Suppose K has characteristic 0 and V is absolutely irreducible. Let W be a
topological vector space over K which is an %-module such that the elements of Y act
continuously. Suppose that as a t-module, W is topologically and t-module isomorphic
to a complete direct product of copies of V. Then Homyg, (W(g), W) is topologically
irreducible in the finite-open topology.

Proof. (a) Homuyg, (1(g), V)~ (U(g) Queg, V*)*. The subalgebra Y defined by the
t-module V* is the same as the one defined by V. Moreover V**~V. Apply
Theorem 3, Proposition 1, and its Corollary.

(b) Suppose that as a f-module W=II1V,. Let L= V. Then as a t-module
W =L* with the usual canonical identifications. Moreover the topology of W is the
weak topology of the pairing (L, W). Now each h €} acts continuously on W.
Therefore it is the transpose of a unique linear map w(k) on L. For he hand I e L,
set hl= — w(h)l. One readily checks that this makes L an §-module and that W=L*
as h-modules. The f-module structure that o defines on L is the original f-module
structure on L. It is now easy to check that the hypothesis of Theorem 3(b) are
satisfied for V* and L. Therefore 1(g) Qug, L is irreducible. Since

Homuyg, (U(H), W) ~ (W(g) Quq, L)*,
our result follows.

ReMARK. One would like to have a Lie algebra analogue for the second part of
Mackey’s theorem. However, there seem to be fundamental obstacles in the way of
carrying this out. For example, in [2] Dixmier has constructed certain irreducible
representations of nilpotent Lie algebras which are not induced from one-dimen-
sional representations of subalgebras.
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